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Abstract 

We study four dimensional supersymmetric gauge theory on the noncommutative 
superspace, recently proposed by Seiberg. We construct the gauge-invariant action 
of AA = 1 super Yang-Mills theory with chiral and antichiral superfields, which has 
N = \ supersymmetry on the noncommutative superspace. We also construct the 
action of = 2 super Yang- Mills theory. It is shown that this theory has only 
N = \ supersymmetry. 



The deformation of superspace^ |2I has been attracted much attention recently. In 
particular, Ooguri and Vafa studied the C-deformation of A/" = 1 supersymmetric gauge 
theories in four dimensions and computed the coupling to the graviphoton superfield 
arising from the higher genus amplitudes in (topological) superstring theory [Sj. They 
introduced the noncommutativity only in the Grassmann odd coordinates, which breaks 
spacetime supersymmetry explicitly. Recently, Seibergjij proposed another type of defor- 
mation which introduces noncommutativity both in Grassmann even and odd coordinates 
but imposes the commutativity in the chiral coordinates. This deformation is shown to 
keep the A/" = | supersymmetry and have some interesting properties in the field theo- 
retical viewpoint. Some recent papers deal with subjects related to this noncommutative 
superspacejH]. 

In the paper the deformation of four dimensional A/" = 1 supersymmetric Yang-Mills 
theory has been studied. In this paper, we study = 1 supersymmetric gauge theory 
coupled with (anti-) chiral superfields on the noncommutative superspace. We construct 
the gauge invariant Lagrangian in which the product of fields are defined by the star- 
product. This theory has also M = \ supersymmetry. We apply this formulation to the 
case of A/" = 2 supersymmetric Yang-Mills theory, where the chiral superfield belongs to 
the adjoint representation. It is an interesting problem to examine whether the theory on 
the noncommutative superspace possesses further supersymmetry. We will show, however, 
that only the original N = \ supersymmetry is preserved in this formulation. 

We begin with introducing noncommutative superspace as in jl]. We follow the con- 
ventions of p. Let {x^, 9°", be the supercoordinates of superspace. Here /i = 0, 1, 2, 3 
and a, a = 1,2. The Grassmann odd coordinates O'^ obey the anticommutation relations 

{^,6//^} = C"^. (1) 

The product of functions of 6 is Weyl ordered by using the star product, which is the 
fermionic version of the Moyal product: 

m * m = m exp (-^ J^) m. (2) 

We assume that the fermionic coordinates 9°' satisfy the ordinary (anti-) commutation 
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relations 

I r , } = { r , 0" } = , x^] = 0. (3) 

We assume that the chiral coordinates 

= x'^ + ^^"a^^^" (4) 

are commutative, i.e. 

[?/^y1 = [y^r] = [z/^r] = o, (s) 

instead of requiring the commutativity of the spacetime coordinates x^. These relations 
imply that are noncommutative 

[a;^, x^] = eeC"", [x^, = iC^^a^^'^, (6) 

where 

C'^- = C"%-,K'^)«^. (7) 

On this noncommutative superspace, the supercovariant derivatives and the supercharges 
are defined by 

and 

Q. = Jj. «^ = -aP + 2tfx,A, (9) 

respectively. 

The chiral superfield satisfying = is expressed in terms of component fields 

e) = A{y) + V2eij{y) + 9eF{y). (10) 

While the antichiral superfield 9) with = — 2i6°'a^^9'^ can be written in the 
Weyl ordered form: 

^y,e) = A{y) + V29'4>iy)-2i9a''9d^Aiy) 

+99 (F{y) + iV29a^d^ij{y) + 998^8" A{y)) . (11) 

We next introduce the vector superfield V in the certain matrix representation of the 
gauge group. We take the basis of the gauge group satisfying tr(t"t^) = kS"''' and 



2 



[t'^^t''] = if'^H". Define by E^=o ^(^")*> where (F")* is the n-th power of V defined 
by using the star-product, transforms as e^' = e~^^ * * e*^, or infinitesimally 

Se^ = -iA * + ie^ * A. (12) 

Here A and A are matrices of chiral and antichiral superfields respectively. The vector 
superfield V in the Wess-Zumino gauge is 

+ ^e99eiDiy)-td,A'^iy)). (13) 

The C-deformed part in V is introduced such that the component fields transform canon- 
ically under the gauge transformation in terms of the component fields, (jl2j) becomes 

i[ip,X\, 
i[ip,X\, 

z[ip,D]. (14) 
Then the gauge transformation which preserves the gauge ()13|) is given by 

A{y,9) = -ip{y), 

A{y,9) = -ip{y)-'-99C'^''{d,^,A,}{y). (15) 
The chiral and antichiral field strengths are given by 

= ^DDe^D^e-^, (16) 

which are also defined by the star-product. 

We now consider JV = 1 supersymmetric gauge theory with a chiral superfield $ in 
the fundamental representation and an antichiral superfield $ in the antifundamental 
representation. Since the C-deformed part in (jl3j) does not take value in the Lie algebra 



6X = 
6X = 
5D = 
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of the gauge group, we will consider the U{N) gauge group for simplicity. Under the 
gauge transformation, $ and $ transform as 

$ ^ e-'^ * $, $ ^ $ * e'~^. (17) 

Their infinitesimal forms are 

5$ = -iA * $, 6^ = i^*A. (18) 

We express these transformations in terms of the component fields. For a chiral superfield 
$, the gauge transformation is the same as the commutative one: 

SA{y) = z^A{y), 5^{y) = iipij{y), SF{y) = i^F{y). (19) 

For an antichiral superfield $, if we consider the usual component fields in eq.()lip. the 
gauge transformation rule will be changed due to the C-dependent term in A. In fact, we 
have 

SHy,9) = -iA^{y) + V2U-^r^iy)) 

+99 (-iF^{y) - 2iC^''d,AdMy) + \c^''A{d,^, A,}{y)^ , (20) 

where we have used the formula: 

f{y)*9{y) = /(2/)exp(|2»'^^AAj^(y). 

We note that the M-term in ()20|) is expressed as 

-i(^F- iC^^d^iAA,) + -^C^^'AA^A^ ^ + b [iC^^'d^^AA,) - -^C^"" AA^A^ . (21) 
Therefore if we define the antichiral superfield as 

$(y, 9) = Aiy) + V2my) + 09 (f(^) + iC^-^d^iAA^M - ^C^'^AA.A^iy)^ , (22) 
the component fields are shown to transform canonically: 

SAiy) = -iAip{y), 6i,{y) = -i4;ip{y), 6F{y) = -iF^{y). (23) 
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The gauge invariant Lagrangian is given by 

1 



(fetiW *Wc,+ (fetiWa * , (24) 



which is not affected by the redefinition of F. The F-terms have been computed in 



ee 



tiWWa{C = 0)|eg - iC^"'tiF^^\\ + ^tr(AA)^ 
tiWoW"{C = 0) __ - iC^'^tiF^^X + ^tr(AA)2 

66 4 

+total derivative. 



(25) 



Here [Cp = C'^^C^^ and 

triy"W^„(C = 0)|,, 
tiWi,W^{C = 0) 

where 



tr ( ~2i\a>'V^X - ]^F>"'F^^ + + ^-F^'^^FP'^e 
tr ( -2iXaPV^X - ^F^^'F^^ + - ^F^'^F^'^e 



pupa 



, (26) 



F 



V,X = d,X + -[A„X]. 



(27) 



The gauge invariance of the D-term is ensured by the transformation properties of the 
superfields (IT^ and (fTHj). The D-term in the Wess-Zumino gauge can be computed by 
using 

. ... 1^,,., . . „ . . ... 1 



ee 

0. 



--eOA.AP - -C^'A^A, + -e^C^f<yP.[A^, A^ - ^|C|^AA 



(2^ 



From these formulas, $ * * $ becomes 



1. 



$*e^*<l> = $ * (1 + y + -y^') * $ 



(29) 



The eeee component of each term in the r.h.s. of ()29p is given by 



FF + iC^'''d^{AA,)F - -C^'^AA^A^F + za^^a^^'^^" + S^A^SO) 



-id^AA^A + i^Cl'^a^^^AiW A^]^^ 



-iC^^'d^AA.F+^ep, 



CPia^^-'^d^AK^,, (31) 
-\aA^A^A - \c^''AA,A,F + z^C"/^<. AlV'/3 



(32) 



up to total derivatives. Thus we find ^ 



where 

$e^$(C7 = 0) 

and 



$e^$(C = 0) 

+ ^C^^AF^.F - lld^AAAF - ^C"^(p^i)a^. A'^V'a, (33) 



FF - i^&f'V^^ - V^AVA + -ADA + -^{AXip - tpXA) 

2 \/2 



V^i: = d^iP + '-A^ij, V^A = d^A + ^A^A. 



(34) 
(35) 



To summarize, the total Lagrangian (j^^ becomes 
1 



tr ( -AiXa^V^X - F'"'F^^ + 2D 



+ FF- iipa'^Vf^ij - V^AV^'A + -ADA + -^{AXij - ipXA) 

2 V 2 



+ 



^ tr f -2iC'^'^F^^AA + ^(AA)^ 
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+ -C"^MF^,F - ^C^Pa^^V^AX'^ijp - ^-j^AXXF 



(36) 



We next discuss the supersymmetry of the theory. We expect that the supercharge 
Qa is conserved. In the case of C = 0, the supersymmetry transformation is given by 



^If we take the 09 component of l> to be the same as eq.lQIJ instead of eq.^^, in eq.(|2Sl) ^C^" AF^^i^F 
is replaced by —iC^^ d^AA^F — ^AC^'^ A^A^F . These terms seem to break the gauge invariance, but 
using the modified gauge transformation ()20|l. the Lagrangian is shown to be gauge invariant. 
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S^F = 0, 6lF = -iV2V^i)a^'i - iA^X, 
We would like to find the C-dependent transformation 



S^D = -ia^V^X. (37) 



k = + (38) 

which leaves the Lagrangian invariant up to total derivatives. 5'^X is obtained by acting 
Qa on V 

^iK = '-{(y^''^)aC,AX. (39) 

This transformation leaves the C-deformed F-term invariant 1^. The C-dependent terms 
arising from the D-term in the Lagrangian is 

A/: = -CA'-AF^.F - ^C°XA^A"V^/3 - ^^AAF. (40) 



The change of A£ under the transformation (|37p is given by 

5°A£ = -C^^Aia,D^XF+^C^''{a^,iTAXX^P^-C^''D^Aia,XF. (41) 
The second term is cancelled by the term coming from 5*^ AC as a consequence of eq. (j39|) : 

z^A(5fA")V^, = -^C^-{a,,rAXX'4,^. (42) 

The first and third terms can be removed by adding a C-dependent term ^ to the ordinary 
supersymmetry transformation of F : 

5f F = C^^ (A^cj^X) - [Aia^X] A^} . (43) 

Therefore, we have found M = \ supersymmetry transformation by deforming the F 
transformation, under which the Lagrangian (jHUj) is invariant: 

5^A = V2^iP, ^5^ = 0, 



^If we adopt the usual definition of F, the right hand side of is replaced with jC^^ A{Af^, Xa^}^- 
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6^A^ = -zAa^^, 



(44) 



Another supersymmetry generated by Qa is broken explicitly as in 

So far we have considered the case that $ belongs to the fundamental representation of 
the gauge group. When we consider the case that $ belongs to the adjoint representation, 
we obtain M = 2 supersymmetric gauge theory. In this case, $ and $ transform as 



where $ is defined by 



-iA 



(45) 



+ee [^F{y)+tC^''d,{A,A,}{y) - |c^^[/l^, {A,, A}](^) ) , 



(46) 



so that A, i/j and F transform canonically. The gauge invariant Lagrangian of A/" = 2 
supersymmetric theory is 



16kg 

The F-term is the same as A/" = 1 case, and the D-term is given by 
tr (^<l * * $ * 
= tr 



(47) 



-1- - - /2 - - - 

FF - -[A, A]D - ii,a^V^i, - V^AV^A + {X[A, i,] + [A, 



+ tr 



'-c^'^F.M. F] - ^c-^^Av.A, xr]i^, - ^{A, A,}[r , f] 



(4J 



up to total derivatives. 



Rescaling V to 2gV and to ^C"^ , the Lagrangian for M = 2 supersymmetric 
Yang-Mills theory becomes C^='^ = C^=^{C = 0) + C^=^, where 

£^=2(C = 0) = hT[-jF>'''F^,-iXa^V^X + ^D^ -{V^'A)V^A-i^lJa^'V^^ + FF 



-iV2g[A, V'] A + iV2g[A, ^] A + gD[A, ^]) , (49) 
>C^=' = ^tr(-^C'^'^F,.AA + ^|C|2(AA)2 + ^C"^'^F,4A,F} 

-^C'""{^^.^, (a^A) J^, - A}[A, F]) . (50) 

CJ^^'^{C — 0) is invariant under M — 2 supersymmetry transformations: 

5^F = iV^ia^'V^i) - 2ig[A, ^A], 6^F = -iV^.V^ipa''^ - 2ig[^\ A], 

S^X = a^^^F^^ + i^D, SfX^-^a'^'^F.^-i^D, 

S^D = -^af'V^X-V^Xa^l (51) 

Sr,A = a/2?7A, = "\/27^A, 

(5^A = iv/2(7''77r>^A + V2r]F, 5r,X = -iv/2r>^Ar7(7'' + V2Ffi, 

5rjF = iV2fja''Vf,X - 2ig[A, , = -iV2V^Xa>'r] - 2ig[r]'ilj, A] , 

Sr,A^ = iipaf^Tj - if]a^ip, 

S^ij = -a^'rjF^.-iriD, 5^^; ^ fja^'' F,,, + ifjD, 

5r,D = rja^V^i^ + V^iPa^fj. (52) 

As in the J\f — 1 case, this theory has — ^ supersymmetry, under which the 
component fields transform as 

5^A = V2^ij, 5^A^0, 

S^i^a = V2^aF, 5^'^^^-iV2V^A(^a^)^, 

5^F = 0, 5^F^-i^/2V,i,a>^C + ^[C\A + C'''' [d,{A,CaA}+'^[A^,{A,i^^^^ 

6^Ai^ = -«Aa-^C, 

5^D = -^a^V^X. (53) 
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The transformations associated with ^ and fj are not the symmetry of the modeL 

One may ask whether the other symmetry parameterized by rj is preserved or not. Let 
us examine this symmetry in the case of J\f = 2 U{1) gauge theory as an illustration. The 
Lagrangian is 



-d'^Ad^A - lija^d^i: + FF- '-C^^ F^.XX + iC^^'F^^AF, (54) 

and the transformation for 77 = becomes 

5^^A = V2riX, <5jA = 0, 

^JA = V2riF, S^^X = -V2d^Arja'', 

5lF = 0, S^^F = -iV2d^Xa''ri 

6^Af, = iipa^r], 

5lij = -a^^r^F,,, = 0, 

= w^d^ij. (55) 

One may expect that this theory does not have any deformed r^-symmetry, because the 
C-dependent term in the Lagrangian does not have the SU{2)fi TZ symmetry (under 
which (V', A) transform as the doublet). This is indeed the case as we will see below. 
The variation of the last term in (jH^ can be cancelled by adding a C-dependent term to 
the transformation of F. The transformation of the remaining C-dependent term in the 
Lagrangian is 

^^(-^C'^'^F^.AA) = C^'^a^V'^.^AA + V2iC^''F^,dpAr^(jPX. (56) 

These terms must be cancelled by adding C-dependent terms to the transformation 
But it is shown that the second term cannot be cancelled by any C-dependent deformation. 
In the Lagrangian, only the terms Xa^d^X, d^Ad^A or F'^'^F^^, could give the variation 
of the form CP'' Fp^d^.A'qa^X. In the first case, 5'!^{d^X) oc r]CP"Fp^d^A should hold. But 
this means that 5^X should be an integration of rjC" Fp^d^A, which cannot be a local 
transformation. Thus in this case, so far as the local transformations, it is impossible to 
construct a deformed ?7-transformation. The other two possibilities are also excluded with 
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much the same argument. The above argument can be extended to the case of U (N) gauge 
groups. Under the transformation parameterized by 77, it is found that the variations of 
the C-deformed part of the Lagrangian contains the only one term proportional to D: 
C'^'^[D^A, X\au'r]D. The argument similar to the U{1) case shows that this term cannot be 
cancelled by any C-deformation of the //-transformation so far as the local transformations. 

We have constructed the gauge invariant Lagrangian for A/" = 1 supersymmetric gauge 
theory on the noncommutative superspace. We have shown that it is possible to construct 
the C-deformed supersymmetry transformation generated by Qa- This means that the 
theory has A/" = | supersymmetry as in the case of [1]. Generalizing the argument, we have 
seen that M = 2 supersymmetric Yang-Mills theory on the noncommutative superspace 
has only A/" = | supersymmetry. This may be seen from the fact that the C-deformed 
terms are not invariant under the SU (2)^ TZ symmetry. In view of extended supersymme- 
try, it would be interesting to investigate the deformation of A/" = 2 rigid superspace [7j. 
If one may deform the superspace with TZ symmetry, it would be possible to construct 
the noncommutative supersymmetric gauge theory with extended supersymmetry. 

It is interesting to study non-perturbative aspects of the C-deformed theory by study- 
ing solitons, instantons and monopoles etc. It would be also interesting to study whether 
such deformations are possible in three or two dimensions. 
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